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Abstract
In this paper we study the sequence of orthonormal polynomials {Pn(µ; z)}
defined by a probability measure µ with non-polar compact support S(µ) ⊂
C. We show that the support of any weak-* limit of the sequence of
measures of maximal entropy ωn for Pn is contained in the filled-in or
polynomial-convex hull of S(µ). And for n-th root regular measures the
ωn converge weak-* to the equilibrium measure on S(µ).
1 Introduction and general results
In the classical study [5] by Stahl and Totik of general orthogonal polynomi-
als they relate the potential and measure theoretic properties of the asymptotic
zero distribution for the sequence of orthonormal polynomials defined by a Borel
probability measure µ on C of infinite, but compact support S(µ), to the po-
tential and measure theoretic properties of µ and its support. In the paper [4]
Christiansen, Henriksen, Pedersen and one of the authors of this paper initiated
a study of the relation between the potential theoretic properties of µ and the
asymptotic (as n tend to ∞) potential and measure theoretic properties of the
Julia sets and filled Julia sets of the orthonormal polynomials Pn. In this paper
we extend this with a study of the weak convergence properties of the measures
of maximal entropy for the orthonormal polynomials.
For µ a Borel probability measure on C with infinite and compact support
S(µ) we denote by {Pn(z)} := {Pn(µ; z)} the unique sequence
Pn(z) = γnz
n + lower order terms. (1)
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of orthonormal polynomials wrt. µ. Then Pn is also characterized as the unique
normalized polynomial of the form (1) which is orthogonal to all lower degree
polynomials or equivalently for which the monic polynomial pn(z) = Pn(z)/γn
is the unique monic degree n polynomial of minimal norm in L2(µ).
For S ⊂ C a compact non-polar subset we denote by Ω = Ω(S) the un-
bounded connected component of CrS, by K = K(S) := CrΩ the filled-
in or just filled S (denoted by the polynomial convex hull in e.g. [5]), by
J = J(S) = ∂K = ∂Ω ⊂ S the outer boundary of S, gΩ the Green’s func-
tion with pole at infinity for Ω and finally by ωS the equilibrium measure for S
(with Supp(ωS) = J).
Definition 1.1. We denote by B the set of Borel probability measure on C with
compact non-polar support.
We denote by Reg the set of n-th root regular measures in B, that is
Reg :=
{
µ ∈ B ∣∣ lim
n→∞
(γn)
1/n =
1
Cap(S(µ))
}
.
For µ ∈ B and Pn the associated sequence of orthonormal polynomials, we
denote by Ωn the attracted basin of∞ for Pn, by Kn = CrΩn and Jn = ∂Kn =
∂Ωn respectively the filled Julia set and the Julia set of Pn, by gn the Green’s
function with pole at ∞ for Ωn and by ωn the equilibrium measure for Jn or
equivalently the measure of maximal entropy for Pn (see [1]) and see also below
for definitions of these terms).
Our main result is
Theorem A. Let µ ∈ B, and let ν be any limit measure for a weakly convergent
sub-sequence {ωnk}k. Then
S(ν) ⊆ K(µ).
Moreover if µ is regular then
ωn
weak
∗
−→ ωS(µ).
The first part of the theorem is an analogue of the last statement in the
following Theorem from [5], recast in the above notation.
Theorem 1.2 ([5, Thm. 2.1.1, the first part of which was first proven by Feje´r
[2]]). Suppose µ ∈ B. All zeros of the orthonormal polynomials Pn(z), n ∈ N,
are contained in the convex hull Co(K), and for any compact subset V ⊆ Ω the
number of zeros of Pn(z), n ∈ N, on V is bounded as n → ∞. Consequently
any weak* limit point of (the normalized counting meauseres for) the zeros of
Pn is supported on K(µ).
The second part of the theorem should be compared to [5, Thm. 3.1.4] and
[5, Thm. 3.6.1]. Such a comparison reveals that the equilibrium measures ωn on
the Julia sets of Pnhave much stronger convergence properties than the counting
measure on the roots of Pn, at least in the case of regular measures µ.
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Also the main Theorem is a measure theoretic version of the following theo-
rem from [4], which says that in capacity any limit of a convergent subsequence
Knk (convergent in the Hausdorff topology on the space of compact subsets of
C) is contained in K(µ). For Ω a domain with compact non-polar complement
we denote by gΩ the Green’s function for Ω with pole at infinity.
Theorem 1.3 ([4, Thm.1.3]). For µ ∈ B+ := {µ ∈ B | lim sup
n→∞
|γ|1/nn <∞} we
have
lim sup
n→∞
Kn ⊆ Co(K).
Moreover, for any ǫ > 0 and with Vǫ := {z ∈ C | gΩ(z) ≥ ǫ},
lim
n→∞
Cap(Vǫ ∩Kn) = 0.
Our proof follows the approach of Stahl and Totik for Theorem 1.2.
2 Background.
2.1 Polynomial dynamics
For P (z) = γzd + . . . a polynomial of degree d > 1, an easy computation shows
there exists R = RP > 0 such that for any z with |z| > R : |P (z)| ≥ 2|z|. Thus
the orbit of such z under iteration converge to ∞. We denote by ΩP the basin
of attraction for ∞ for P , that is,
ΩP := {z ∈ C |P k(z) −→
k→∞
∞} =
⋃
k≥0
P−k(CrD(R)), (2)
where P k =
k times︷ ︸︸ ︷
P ◦ P ◦ . . . ◦ P . It follows immediately that ΩP is open and com-
pletely invariant, i.e. P−1(ΩP ) = ΩP = P (ΩP ). Denote by KP := CrΩP ⊆
D(R) the filled Julia set for P and by JP := ∂ΩP = ∂KP the Julia set for
P . Then KP and JP are compact and also completely invariant. Clearly any
periodic point, i.e. solution of an equation P k(z) = z, k ∈ N belongs to KP , so
that KP is non-empty. It follows from (2) that the filled Julia set KP can also
be described as the nested intersection
KP =
⋂
k≥0
P−k(D(R)). (3)
We denote by gP : C −→ [0,∞) the Green’s function for ΩP with pole at infinity.
It follows from (3) that the Green’s function gP satisfies
gP (z) = lim
k→∞
1
dk
log+(|P k(z)|/R) = lim
k→∞
1
dk
log+ |P k(z)|.
Thus gP vanishes precisely on KP , i.e. the exceptional set E for gP is empty and
hence every point of JP is a Dirichlet regular boundary point of ΩP . Moreover
gP (P (z)) = d · gP (z) and Cap(KP ) = 1|γ| 1d−1
.
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2.2 Potential theory
We use the notation of Randsford [6]. For µ a probability measure on C we
define its potential as the sub-harmonic function
Pµ(z) :=
∫
C
log |z − w|dµ(w) = log |z|+ o(1),
which is harmonic on the complement of S(µ). And we define its energy as
I(µ) :=
∫
C×C
log |z − w|dµ(w)dµ(w) =
∫
C
Pµ(z)dµ(z),
it satisfies −∞ ≤ I(µ) ≤ log diam(S(µ)). For a Borel set B ⊂ C we denote by
P(B) the set of probability measures µ with compact support Supp(µ) ⊂ B,
the energy of B as
I(B) := sup{I(µ)|µ ∈ P(B)}
and its (logarithmic) capacity as
Cap(K) = eI(B).
For K ⊂ C a non-polar compact subset there is a unique measure denoted by
ωK , which realises the supremum above. It is called the equilibrium measure
for K and its support is contained in the outer boundary of K. And according
to Frostman’s Theorem, [6, Thm. 3.3.4] its potential is bounded from below by
I(K) = I(ωK) and equals I(K) on K except for an Fσ polar subset E of K.
The Green’s function for Ω := C\K is the non-negative sub-harmonic function
gΩ(z) = PωK (z)− log(Cap(K)) = PωK (z)− I(K).
3 Proof of Theorem A.
Recall that For µ ∈ B and Pn the associated orthonormal polynomials, we
denote by Ωn, Jn, and Kn, respectively, the basin of attraction for ∞, the Julia
set, and the filled Julia set of Pn. And moreover gn denotes the Green’s function
for Ωn and ωn denotes the equilibrium measure on Jn.
Lemma 3.1. For a probability measure µ ∈ B the following are equivalent
1.
lim
n→∞
(γn)
1/n =
1
Cap(S(µ))
.
2.
Cap(Kn) −→
n→∞
Cap(S(µ)).
3.
I(ωn) −→
n→∞
I(ωS(µ))
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Proof. Since Cap(Kn) =
1
|γ|1/(n−1)
= eI(ωn) the lemma follows from the obser-
vation that
lim
n→∞
(γn)
1/n =
1
Cap(S(µ))
⇐⇒ lim
n→∞
(γn)
1/(n−1) =
1
Cap(S(µ))
.
We shall use the following Lemma which is a refinement of [5, Lemma 1.3.2]
Lemma 3.2. Let V, S ⊂ C be two compact subsets with V ∩K(S) = ∅ and let
b, 0 < b < 1 be arbitrary. Then there exists M = M(b, V, S) ∈ N such that for
M arbitrary points x1, x2, . . . xM ∈ V there exists M points y1, y2, . . . yM ∈ C
for which the rational function
r(z) =
M∏
j=1
z − yj
z − xj
has supremum norm on S bounded by b:
||r||S ≤ b.
Proof. The above cited Lemma 1.3.2 in [5] shows that the statement holds not
for arbitrary b, but for some value of b call it a and some corresponding value
m ∈ N.
To pass from this to the general statement of the lemma let a and m be
given as in Stahl and Totiks Lemma, and let b, 0 < b < 1 be arbitrary. Choose
n ∈ N such that an < b and set M = nm. Given x1, . . . xM ∈ V apply [5,
Lemma 1.3.2] to each of the n sets of points xj+mk, 0 ≤ k < n and 1 ≤ j ≤ m
and multiply.
Proposition 3.3. For any R > 0, for any µ ∈ B and any compact set V ⊂
C with V ∩ K(S(µ)) = ∅ there exists M = M(R, µ, V ) ∈ N such that for
any w, |w| ≤ R and for any n the number of pre-images of w in V under the
orthonormal polynomial Pn is less than M . That is
#(P−1n (w) ∩ V ) ≤M.
Proof. Fix R > 0 and any compact set V ⊂ C with V ∩ K(S(µ)) = ∅. Let
b = 1/(1 + R) and let M = M(b, V, S(µ)) be as in Lemma 3.2 above. For
each n let pn(z) = Pn(z)/γn denote the monic orthogonal polynomial of degree
n for µ. Then pn is the unique degree n monic polynomial of minimal norm
1/γn in L
2(µ). Suppose towards a contradiction that for some w, |w| ≤ R
and some n the equation Pn(z) − w has at least M solutions x1, . . . xM ∈ V .
Let r be the rational function given by Lemma 3.2 such that ||r||S(µ) ≤ b and
q(z) := r(z)·(Pn(z)−w)/γn is a monic polynomial of degree n. Then since Pn is
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orthogonal to all polynomials of lower degree, and in particular to the constant
polynomial w we compute
||q||L2(µ) ≤
||r||S(µ)
γn
||Pn(z)− w||L2(µ) ≤ b
γn
√
1 + |w|2
≤
√
1 +R2
1 +R
· ||pn||L2(µ) < ||pn||L2(µ).
This contradicts the fact that pn is the degree n monic polynomial with minimal
L2(µ) norm.
Corollary 3.4. For any µ ∈ B and any compact set V ⊂ C with V ∩K(µ) = ∅
there exists M ∈ N such that any of the orthonormal polynomials Pn, n ≥ 2
and any z ∈ Kn the number of pre-images of z in V under Pn is less than M .
That is
#(P−1n (z) ∩ V ) < M.
Proof. It follows from [4, Lemma 2.2] that there exists R > 0 such that
Kn ⊂ P−1n (D(R)) ⊂ D(R),
for all n ≥ 2, where Kn is the filled Julia set of Pn. As Kn is invariant,
P−1n (Kn) = Kn. The Corollary follows immediately from this and Proposi-
tion 3.3 above.
Proof. (of Theorem A) The equilibrium measure ωn for Kn, which has support
Jn is also the unique invariant balanced measure for Pn, i.e. it is the unique
probability measure ω on C such that for any measurable function f : C −→ C
∫
C
f(z)dω(z) =
1
n
∫
C

 ∑
w,Pn(w)=z
f(w)

 dω(z). (4)
Let V ⊂ C be a compact subset with V ∩ K(µ) = ∅ and let M ∈ N be as in
Corollary 3.4. Then for the measureable function f(z) = 1V (z), the indicator
function for V we have
ωn(V ) =
∫
C
f(z)dωn(z) =
1
n
∫
C

 ∑
w,Pn(w)=z
f(w)

 dωn(z) ≤ M
n
−→
n→∞
0.
This proves the first statement, that for any weak limit ν of a convergent sub-
sequence {ωnk}k : S(ν) ⊆ K(µ).
Next suppose that µ ∈ Reg. Then in particular µ ∈ B+, i.e. lim sup
n→∞
|γ|1/nn <
∞ and so according to [4, Cor. 3.1 ii)]
lim sup
n→∞
gn(z) ≤ gΩ(z).
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where gn is the Green’s function with pole at infinity for Ωn = C\Kn and gΩ is
the Green’s function with pole at infinity for Ω = C\K(µ). Since gΩ ≡ 0 on the
interior of K(µ) we also have limn→∞ gn ≡ 0 on the interior of K(µ).
Since ωn can be retrieved as the LaPlacian of gn in distributions, it follows
that Supp(ν) ⊂ J = ∂Ω. Finally we have, by Lemma 3.1 and [6, Lemma 3.3.3])
I(ν) ≥ lim sup
n→∞
I(ωn) = I(ωS(µ))
Hence ν = ωS(µ) by uniqueness of the equilibrium measure. Since there is a
unique possible limit we have in fact
ωn
weak∗−→ ωS(µ).
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